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Let G be a group of automorphisms of a function field F of genus g, over an 
algebraically closed field K. The space R, of holomorphic differentials of F is a g,- 
dimensional K-space. In response to a query of Hecke, Chevalley and Weil (Abh. 
Math. Sem. Univ. Hamburg 10 (1934), 358-361) completely determined the 
structure of f2, as representation space for G in the classical case. They carried out 
the proof for the special case in which F is unramified over the fixed field of G. The 
case of cyclic ramified extensions had been previously considered by Hurwitz 
(Math. Ann. 41 (1893), 37-45). Weil (Abh. Math. Sem. Univ. Hamburg 1 I (1935), 
110-l 15) gave a proof in the general case. The treatment in the last two papers is 
analytical. In characteristic p, the problem is open. If  G is cyclic and F is 
unramified over the fixed field E of G, Tamagawa (Proc. Japan Acad. 27 (1951), 
548-551) proved that the representation is the direct sum of one identity represen- 
tation of degree 1 and g, - 1 regular representations. The principal object of this 
paper is an extension of Tamagawa’s result to arbitrary cyclic extensions of p- 
power degree. The number of times an indecomposable representation of given 
degree occurs in the representation of G on 0, is explicitly determined in terms of 
g, and the Witt vector characterizing the extension F/E. The paper also contains a 
purely algebraic proof of the result of Chevalley and Weil for arbitrary cyclic 
extensions of degree relatively prime to p. Using character theory, it can be 
extended to arbitrary groups of order relatively prime to the characteristic. 
Let F be an algebraic function field with algebraically closed constant 
field K. The space fiF of holomorphic differentials of F has dimension gF 
over F, g, being the genus of F. Let G be a finite group of automorphisms of 
F which are the identity on K. Any u E G induces a linear transformation on 
C2,. This provides a representation of the group G. In the case that K is the 
fied of complex numbers, Hurwitz [3] was the first to investigate this 
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representation. Using analytical methods, he determined the roots of the 
characteristic polynomial of a given u. Chevalley and Weil [ I] completely 
determined the structure of 0, as a representation space for G. However, 
their paper contains a proof only for the special case that F is unramified 
over E, the fixed field of G. Weil [7] gave a proof in the general case. His 
treatment is analytical. 
If K has characteristic p, the situation is more complicated. The structure 
of 0, has not been determined in general. Difficulties arise in the case that p 
divides the order of G, for then the representation is not completely 
reducible. If G is cyclic and F/E is an unramified extension, Tamagawa [6] 
proved that the representation of G given by fiF is the direct sum of one 
identity representation of degree 1 and g, - 1 regular representations. In this 
paper, we generalize the result of Tamagawa to arbitrary cyclic extensions of 
degree p”. The result is contained in Theorem 1. In Theorem 2, we give a 
purely algebraic proof of the result of Chevalley and Weil for cyclic 
extensions of degree relatively prime to the characteristic. Using character 
theory as in [I], one can extend this to arbitrary groups of order relatively 
prime to the characteristic. 
1. (G]=p” 
Here we consider the case that G is cyclic of order p”. The representation 
of G is not completely reducible, but is a direct sum of indecomposable 
representations. We want to determine how many times a given indecom- 
posable representation occurs in this direct sum. 
Let u be a generator of G. For k = 1,2,...,p”, there is a unique indecom- 
posable representation of G of degree k, namely, that afforded by the KG- 
module KG/((a - l)k), where ((a - I)‘() is the ideal of KG generated by 
(u - l)k, For k = 1, this is the identity representation and for k = p”, this is 
the regular representation. We let dk be the number of times the indecom- 
posable representation of degree k occurs in a decomposition of the represen- 
tation of G on ~2~ into a direct sum of indecomposable representations. If 
CL=, @ sh, is a decomposition of Id, into a direct sum of indecomposable 
KG-modules, then dk is the number of components of the direct sum which 
are isomorphic to KG/((u - l)k). 
In order to compute the dk’s, we consider the K-subspaces of QF defined 
by 
n; = {w E a, 1 (u - 1)‘w = O}, i = 0, l,..., p”. 
These subspaces form an increasing sequence with @ = 0 and ~2:” = ~2,. 
From the decomposition of OF, dim, QL = CL= i dim,&. n a,,,). The 
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indecomposable KG-module KG/(@ - I)‘() has the property that 
dim,(v E KG/((o - l)k) ] (a - 1)‘~ = 0) = i, if i < k, 
= k, if i > k. 
Hence, dim,@ = C:;‘, kd, + Cifi id,. This leads to 
dim&~“/@-) = f d, 
k=i+l 
(1) 
or, solving for the dk’s, 
d 
P” 
= dim (QP”/RP”- ‘) KF F 9 
dk = dim,(J2:/@ ‘) - dim,(R~+ ‘/fit), k = 1, 2 ,..., p” - 1. 
(2) 
In order to compute dim&22 l/Q:), we need to express the elements of Q, 
in a convenient form. 
Let E be the fixed field of G. F/E is cyclic of degree p”, so there is a 
unique tower of intermediate fields 
E=E,cE,cE,c--. cE,=F, 
with [E,: Ejyl] = p. Each Ej/Ej- 1 is an Artin-Schreier extension and thus 
has a generation of the form 
Ej = Ej- I( Yj), .Vf'-Yj=bjY bjEE,-1. 
As prescribed by Hasse [2], 6, is said to be in standard form for a prime P 
of Ejyl if the exponent of P in the divisor of bj is positive, zero or relatively 
prime to p. In general, bi will not be in standard form for all primes of Ej-, . 
However, the Riemann-Roth theorem ensures that the yis and his may be 
chosen to satisfy the following two properties: 
(1) For any prime P of Ej-l divisible by a prime of F which is 
ramified in F/E, the exponent of P in the divisor of b, is either zero or 
negative and relatively prime to p. 
(2) oq yj) = yj + 1. 
We assume that a generation with these two properties has been chosen. 
This provides a convenient basis for F over E. For 0 Q k Q p” - 1, we write 
k in its p-adic expansion 
k=a’;+a:p+..-+af:p”-’ andlet w,=y$y$... y”,“. 
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( wk ] 0 < k < p” - 1 ] is a basis of F over E. This basis has the following 
property with respect to o. 
LEMMA 1. For 0 < k < p” - 1, (a - l)k wk = a:! a;! .a. a;!. 
Proof: By induction it is sufftcient to prove this for n = 1. We proceed 
by induction on k. For k = 0 the statement is clear. So we assume it is true 
for k < i. 
(a-l)‘yf=(o-l)‘-‘[(y,+l)‘-yf] 
=(fJ-l)i-l;#) A 
i-l . 
= 
=o 
z (u- I)‘-‘& 
j o j 
By the inductive hypothesis, (cr - l)‘-‘y’ = 0 for j = 0, l,..., i - 2 and 
(u - I)‘-‘yi-’ = (i - l)! So the last summation reduces to (,!,)(i - l)! = i! 
This basis also has the following property, which is adapted from 
Lemma3 of [S]. 
LEMMA 2. Let P be a prime of E with P,, P2,..., P, the primes of F 
dividing p. Let vi be the normalized valuation of F determined by Pi, 
i = 1, 2,..., r. Suppose that for every j, bj is in standard form for any prime of 
E,-, divisible by some P,. If z = z$t;’ ck wk, then mini Vi(z) = 
mlni,k v,(ck wk)* 
Proof By induction it is sufficient to prove this for n = 1. The proof in 
this case is essentially the same as that of Lemma 2 of [4]. 
Let PI,FZ,..., Fs be the primes of E which ramify in F with pei, 
i = 1, 2,..., s, the corresponding ramification indices. Let fii denote the 
normalized valuation of E determined by Fi. Set r = n - max,{ei}, so that 
E,/E is an unramified extension and in F/E, at least one prime is fully 
ramified. 
Now fix i. The various primes of Ej which divide pi will be denoted by 
P(i, j, m). The normalized valuation of E, determined by P(i, j, m) applied to 
an element z E E, will be denoted by v(i, j, m, z). Each of the P(i, n, m)‘s has 
the same exponent S, in DF,E, the different of F/E. Using the transitivity of 
the different, we can compute 6, from ‘b,,,-, ‘s. Because the E,‘s are normal 
over 4 Q/E,-, is invariant under u and the exponent of P(i, n, m) in DDEIIEj-, 
is independent of m. From [2] we know this exponent can be determined 
from bj. Fi is unramified in E,-,{, sofor l<j(n-ei,P(i,n,m)doesnot 
divide DE,,E,-l. From our choice of b,‘s, this means that v(i, j - 1, m’, b,) = 0 
for any m’. For n - e, + 1 < j ( n, v(i, j - 1, m’, b,) < 0 and is independent 
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of m’. The exponent of P(i, j, m’) in DEj,E,-, is (-v(i, j- 1, 
m’, bj) + l)(p - l), so the exponent of P(i, n, m) is p”-j(-u(i, j - 1, 
m’, bj) + l)(p - 1). If we set 
@(i, j) = -u(i, j - 1, m’, bj), 
then we have that 
Si=(p- 1) 2 (@(i,j)+ l)pR-’ 
j=n-ei+l 
(3) 
= (p - 1) 5 @(i, j)p+j + pet - 1. 
.j= 1 
We also need to compute the valuations of our basis elements. From our 
choice of vi’s, it follows that u(i, n, m, yJ = -@(i, j)pn-j. Hence, 
v(i, n, m, wk) = - 5 aj@(i, j)p”-j. 
j=l 
For k = 0, l,..., p” - 1 we define 
v = 61 - JJ=, a$ @(i, j)p”-j 
ik pe’ 1 9 
where for an arbitrary number c, [c] denotes the largest integer not exceeding 
c. We set rk = xi=, v,&. We observe from (3) that 
di - 5 $@(i, j)pn-j = pet- 1 + 2 (p - 1 - u$) @(i, j)pn-j. 
j=l j=l 
Thus, vlk is 0 if and only if a/” = p - 1 for j > n - ei + 1, which is equivalent 
to k > p” - p”+. Hence, r, = 0 if and only if k > p” - p’. 
We can now state the main result of this section. 
THEOREM 1. Let G be a cyclic group of automorphisms of F of order p”. 
Let E be thefixedfield of G with g, its genus. The regular representation of 
G occurs g, - 1 + a times in the representation of G on f2,, with a = 1 if 
r = 0 and a = 0 otherwise. For k = 1,2,..., p” - 1, the indecomposable 
representation of degree k occurs F,-, -F, + ak times, with a& = 1 if 
k = p” - pr + 1, ak = -1 tf k = p” - p’ and ak = 0 otherwise. 
Proof. We need to compute dim,@29 l/Q!) for k = 0, l,..., p” - 1. We 
consider two cases. 
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Case 1. k < p” - p’. Choose x E E with a!x # 0. Any differential o of F 
can be written uniquely in the form w  = C;LQ,’ c,w, dx, with c, E E. From 
Lemma 1, (a - 1)‘~ = 0 is equivalent to ck = ck+ , = ..a = cp.- I = 0. Thus, 
dim@:+ l/Q:) = dim, 
I 
ck E E ] there is an w  E D, with 
k 
w= x C”W”dX . 
“=I3 I 
If 0=,T$~c,w,dxEJ2~, then (~--l)~o=a~!a~!~~~a~!c,dx~f2,. 
Thus, ck dx E Sz,, so (c, dx)F = Con,,(c, &),a,, is an integral divisor. 
Hence, (ck dxlE can have poles only at ramified primes of E. On the other 
hand, because (w) is integral, Lemma 2 requires that v(i, n, m, ck wk dx) > 0 
for every i and m. Thus, p%,(ckdx) + ai + u(i, n,m, wk)>O, which is 
equivalent to fli(ck dr) > -yik. Therefore, we have that n;= I fi(ck)#x& is 
an integral divisor, which is equivalent to ck E L((dx)i ’ n;= I P,:“ik). Hence, 
dim,@~+ l/R:) < l((dx); ’ l-I;=, pi: ““). From the Riemann-Roth theorem, 
/((du);’ nf=, &““) = g, - 1 + rk, so we obtain the inequality 
dim&$+ ‘/@) ,< g, - 1 t r,. 
Case 2. k > p” - p’. In this case we apply the same procedure as that in 
Case 1 with E, as the base field and then use the result of Tamagawa. Write 
k=k,+tp’withO,<k,<p’andt=p”-‘-I.Setk,=tp’.Then(~-l)~~= 
(up’- 1)’ maps $2: into 02. Let o E 0:. Then o can be written uniquely in 
the form w  = CL=0 c,w,,, dx, with c, E E,. From Lemma 1, 
(a- l)koco=a~!a’;o! +..a$!c,dxER2. 
Thus, c, dx E 02, so (c, dx& = Con,,,,(c, &)E,‘I)NE, is an integral divisor. 
Hence, (c, dx&, can have poles only at ramified primes of E,. On the other 
hand, because (w) is integral, Lemma 2 requires that u(i, n, m, c, wko dx) > 0 
for every i and m. Since XJ~,~ = QE,, we have that p%(i, r, m’, ct dx) + 6; + 
u(i, n, m, wkO) > 0 for all i, m’ and m with P(i, n, m) dividing P(i, r, m’). This 
is equivalent to v(i, r, m’, cI dx) > -Vikp for all i and m’. But r,ko = 0 for every 
i. Therefore, we have that (c, u!x)~, is Integral. So (u - l)kD actually provides 
a mapping of Qi into 02r. It is easily seen that the mapping of @“/.f$ into 
0~;“/.f?~; induced by (u - l)ko is injective. 
Let u* be the restriction of u to E, and let G* be the group of 
automorphisms of E, generated by u*. For k = 1,2,..., p’ let dt be the 
number of times the indecomposable representation of G* of degree k occurs 
in the representation of G* on 0,; From Tamagawa [6] we have that 
dT = 1, d; = g, - 1 and df = 0 for k = 2,3 ,..., p’ - 1. From (1) we then 
obtain that dim,(Q~/@J = gE and dim,(RiT ‘/a:J = g, - 1 for 
641/13/l-8 
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k = 1,2,..., p’ - 1. Therefore, we obtain the inequalities dim&+ l/L!:) < g, 
for k = p” - p’ and dim&$+ ‘/a:) < g, - 1 for k > p” - p’ f 1. 
We now want to show that the inequalities obtained in Cases 1 and 2 are 
really equalities. 
g, = dim, R, = F,‘ 
ky0 
dim&$+ l/Q:) 
p”-p’- 1 p”- 1 
G v (&- 1 +r/o+gE+ 
k:O k;pspr+, tgE - l) 
pm- 1 
= P”& - P” + 1 + c r,, 
k=O 
because r, = 0 for k > p” - p’. If we show that this last expression is equal 
to g,, then all the inequalities of Cases 1 and 2 must be equalities. From the 
Hurwitz genus formula, 
‘-+ &=P”&-p”+ 1 +y,*, P n-ei &, 
SO We must establish that c{li’ rk = f xi= i pn-e’gi. fhlCC rk = xi=, Vik, 
we need to verify that ‘JJ&’ rik = fp”-‘I 6, for every i. For any number h, 
we let (h) denote the fractional part of h. 
pn-1 p”-I 
T;‘ V[k = c 
6, - C;=,at@(i, j)p”-’ 
kz0 k=O Pei 1 
s,-C;=la~@(i, j)P’-’ 
- 
Pe’ 
In this last expression, the first summation is equal to p”+ 6,. For the 
second part we interchange the order of summation and observe that for a 
fixed j, as k runs over 0, l,..., pn - 1, a: runs over 0, l,..., p - 1, p”- ’ times. 
ba;z: $I af@(i, j)p”‘=-$ $ @(i, j)p”j( ‘2’ a$ 
i 1 k=O 
1 PYP- 1) ” =- 
pQ 2 jT, @(iv j) P”-’ 
P 
n-e, 
= 2 (Si - pe’ + l), from (3). 
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For the third summation we note that @(i,j) = 0 for j < n - et. Furthermore, 
since @(i, j) is relatively prime to p for j > n - e, + 1, as the $‘s run over 
0, l,..., p- 1 forjan-e,+ 1, the numbers C;=n-ei+,aik~(i,j)p”-iform a 
complete residue system mod pe! Thus as k runs over O,..., p” - 1, the 
numbers di - ,YJ=,af@(i, j)p”-j run over a complete residue system 
mod pei, p”+’ times. 
PF' Si-C;=,~~@(i,j)p"-' 
( 
pnpei "--l 
k%O P=’ ) 
=yTQxok 
= p” - p”-e’ 
2 * 
Combining these three results we obtain 
pa-1 
k=O 
as required. Therefore, we conclude that the inequalities of Cases 1 and 2 are 
actually equalities. The theorem now follows by using (2) to compute the 
dk)s. 
Remark. Since F/E is cyclic of order p”, we know that it has a Witt 
vector generation. In general, this generation will not possess the properties 
required of the y,‘s and b,‘s in this paper. However, the @(i, j)‘s can be 
computed from the Witt vector /3 = (/3 , , p z ,..., /I,,,), & E E, which determines 
the extension F/E. For a fixed i select a vector c so that all of the 
components of the vector /? = /? i Cp 2 c are in standard form for the prime 
F1. Define A(i, j) = max{-fir@,), O}. Then define M(i, j) = max{ p’-“A, 1 1 < 
v < j}. The formula expressing 6, in terms of the M(i, j)‘s is 
Si=(p-1) $J (M(i,j)+ l)#-“‘9 
.i=ut 
(4) 
where cli = n -e, + 1. On the other hand, (3) expresses 6, in terms of the 
@(i, j),s. From (3) and (4) one can then obtain the following relation 
between the @(i, j)‘s and M(i, j)‘s: 
j-l 
@(i, j) = $-N”‘M(i, j) - (p - 1) C p”-“M(i, v). (5) 
“=* 
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2. IG1 RELATIVELY PRIME TO p 
Now we consider the case that G is cyclic of order m, (m, p) = 1. The 
representation of G on R, is completely reducible. Over K, G has m 
irreducible representations, all of degree 1. Let (5 be a generator of G. Choose 
a primitive mth root of unity, <, of K. Let V be a l-dimensional vector space 
over K. For k = 0, l,..., m - 1, we denote by d, the irreducible representation 
of G given on V by a(v) = <‘%, for any u E V, j = 0, l,..., m - 1. Let d, be 
the number of times A, occurs in a decomposition of the representation of G 
on 0, into a direct sum of irreducible representations. We define @ = 
{w E fl, / u(o) = ckw}, for k = 0, l,..., m - 1. Then d, = dim, 0;. 
Let E be the fixed field of G. F/E is a cyclic Kummer extension, so it has 
a generation of the form 
F = E(Y), y”=b, b E E. 
A prime of E is ramified, if its exponent in the divisor of b is not divisible by 
m. Let PI, Fz ,..., pS be the primes of E which ramify. The Riemann-Roth 
theorem ensures that y and b may be chosen so that for i = 1, 2,..., s the 
exponent a, of F( in (b) satisfies the condition that 0 < a, < m. This means 
we can write (b) =xm n;=r fit, with d a divisor of E. The ramification 
index e, of & is given by e, = m/(m, at). We set 9, = a,/(m, a,). We also 
know that a(y) = cy, for some integer I with (r, m) = 1 and 1 < t < m - 1. 
For k = 0, l,..., m - 1, let ak be specified by the conditions that rak E 
kmodm and O<a,&m- 1. 
THEOREM 2. Let G be a group of automorphisms of F of order m, 
(m,p) = 1. Let E be the fixed Jeld of G with g, its genus. For 
k = 0, l,..., m - 1 the irreducible representation A, occurs g, - 1 + 
Es= 1 (-ak@JeJ + 1 times in the representation of G on QF, with I = 1 if 
k = 0 and I = 0 otherwise. 
Proof. Let x E E with dx # 0. Any differential of F can be uniquely 
expressed in the form f dx, with f E F. We need to compute dim, 0;. If 
fdx E @, then a(f) = t;“f. Thus, a(f/y”“) = f/yak, so f = gy”*, with g E E. 
We then have that dirn,fii = dim,{ g E FIgyak dx E L!,). For any g E F, 
(gyak dx) is fixed by u. Hence, (gy*” dx) is integral if and only if its norm is. 
N,,,(gy”*(dx)) = (g)m(b)nx(dx)~DF,E, with NFIE the norm from F to E and 
D,, the discriminant of F/E. But D,, = n;=, FyeWei, so 
HOLOMORPHIC DIFFERENTIALS 115 
Integrality of this last divisor is equivalent to integrality of 
(g)(dx)J~k r-I;= 1 8”: with rtk = [ak @Je, + 1 - l/ei]. If we set B = 
xFnk n;=, F;“ik, this is equivalent to g E Lo ‘B). Hence, dim, 0-i = 
l((dx)-‘B). Now 0 = deg((b)) = m deg@) + xi=, ai, so deg(A) = 
-Cb, (QPJeJ. Thus deg(B- J = Cf=, [ak @de, + 1 - l/q] - ak @Jei = 
CS= I (-ak @Jei>- S ince Qi is relatively prime to e,, (-cfk@Jei) is zero 
exactly when e, divides ak, which is equivalent to e, dividing k. Thus, if any 
of the e,‘s does not divide k, deg(B-‘) > 0. It then follows from the 
Riemann-Roth theorem that l((&); ‘B) = sl, - 1 + Ci= i (-ak @Jet). If all 
of the ets divide k, B- 1 = xak n;=, Pp@flm and deg(B-‘) = 0. For 
k=0,B~*=(1),sol((dw)~‘B)=g,.Fork#0,B~”=(b)”~,soB~‘isnot 
a principal divisor of E. Then from the Riemann-Roth theorem 
l((dx);‘B) = g, - 1. This completes the proof of the theorem. 
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